We define and study the Pfaffian state on Riemann surfaces with arbitrary metrics and an inhomogeneous magnetic field and derive its universal transport coefficients. Following a path integral approach, we compute the effective action in terms of the background metric and magnetic field and use it to compute the leading and sub-leading corrections to the charge density in a large-N expansion. We also present the first derivation of gravitational anomaly contribution at O(k 6 ) to the static structure factor for the Pfaffian state in the long wavelength limit.
I. INTRODUCTION
The study of universal features the fractional quantum Hall effect (FQHE) starting from explicit trial wavefunctions [1] [2] [3] [4] has led to a plethora of insights into the physics of interacting topological phases. Of particular interest are the transport coefficients, which are characteristic of the low energy excitations of the system. Interestingly, the low-energy spectrum of the collective excitations can be extracted by studying only the ground state of the quantum Hall droplet on the plane [5] . More generally, it has been shown that universal transport features such as the Hall conductivity and Hall viscosity can be extracted by considering the FQH ground state on two-dimensional compact manifolds [6] [7] [8] [9] [10] [11] .
A central object in the study of universal features of a FQH state is an effective action which encodes the response of the ground state to the background metric as well as the magnetic field. For many FQH states, an effective action has been proposed following general symmetry principles [12] [13] [14] [15] [16] [17] . However, in certain special cases, the action functional can be explicitly derived starting from the exact trial wavefunctions. Examples include the integer quantum Hall state for integer filling [18] [19] [20] and the much-studied Laughlin state for ν = 1/q, with q being an odd integer [21] [22] [23] [24] [25] [26] [27] .
A more intriguing trial wavefunction is the Pfaffian, proposed by Moore and Read [4] for FQH where the filling fraction has an even denominator. In particular, the Pfaffian has been put forward as a strong candidiate for the experimentally observed quantum Hall plateau at the filling fraction ν = 5/2. The recent measurement [28] of a fractional thermal Hall effect at this filling fraction has led to much debate on whether the Pfaffian state is actually realized [29] [30] [31] . Besides, the Pfaffian state has also been of particular theoretical interest owing to possible realization of nonabelian anyons, the braiding of which can be used to implement universal quantum computation [32] . The geometric and topological aspects of the Pfaffian state on Riemann surfaces have been an object of intense studies [33] [34] [35] [36] [37] [38] [39] [40] [41] .
In this article, we compute the geometric response of the Pfaffian state on Riemann surfaces to the curved metric and inhomogeneous magnetic field. Our approach follows the fact that the Pfaffian state can be written as a correlator in the Ising conformal field theory (CFT) where the electron operator consists of a noninteracting bosonic and a noninteracting Majorana fermionic operators. Generalizing the corresponding action functionals to curved spacetime backgrounds, we use a path integral formulation of the correlator to compute the effective action in the large N φ limit, where N φ is the total flux of the magnetic field across the closed surface. The variational derivatives of the effective action are then used to compute the observables.
Our central results are the one-and two-point density correlators for the Pfaffian state with filling fraction ν. Using the one-point correlator, we compute the particle density in a large-N φ expansion as
where Q the background charge, R the scalar curvature of the background and ∆ g the corresponding Laplacian. The first two terms here encode the Hall conductivity and Hall viscosity, while the third corresponds to the gravitational anomaly and can be used to compute thermal conductivity [22] . From the two-point correlator, we compute the static structure factor in the long wavelength limit as
Here, the gravitational anomaly first enters at O(k 6 ), which has been previously conjectured in Refs. [22, 42, 43] . To our knowledge, this is the first explicit computation of the gravitational anomaly contributation to the static structure factor starting from the Pfaffian trial wavefunction. Interestingly, this term vanishes for ν = 1/2 fermionic Pfaffian state.
The static structure factor for FQH states was first introduced by Girvin, Macdonald and Platzmann (GMP) [5] , where it was used to describe the so-called magneto-roton neutral excitation mode of density waves in the bulk of a quantum Hall droplet. These modes have been experimentally observed in inelastic light scattering [44, 45] as well as numerically for various fractional quantum Hall effect [46] [47] [48] [49] . It has been suggested [33] that the ν = 5/2 state exhibit, besides the GMP mode, another kind of gapped collective mode which has been termed the neutral fermion mode [36, 42, [50] [51] [52] [53] .
The outline of this article is as follows: In Sec. II, we describe the CFT construction of the Pfaffian state on a plane and generalize it to arbitrary Riemann surfaces and inhomogeneous magnetic fields. In Sec. III, we specialize to the case of a sphere and compute the generating functional and thus the normalization constant for the Pfaffian state for an arbitrary background metric. In Sec. IV, we derive the effective action for the Pfaffian state in terms of the background metric and magnetic field in a large-N expansion, and use this result to compute various density correlators and hence the electron density and the static structure factor. Finally, we discuss our results in Sec. V.
II. BACKGROUND AND DEFINITIONS

A. FQHE-CFT connection
We start off with a brief overview of the description of trial wave functions for FQHE on the plane C as conformal blocks. The Laughlin state with filling fraction ν = 1/q, q ∈ Z + for a constant magnetic field B is given by
where z i ∈ C, z := (z,z) and Z L is a normalization constant. The Laughlin wavefunction can be written as a correlation function in the free scalar boson CFT [54] consisting of a single scalar field ϕ(z,z), described by the action functional 1
The second term in this action, linear in ϕ, is required to satisfy the charge neutrality condition.
The correlation function of a string of operators O(z i ) in the CFT is defined as
The modulus squared of the Laughlin wave function can then be written as an expectation value of a string of electron operators O e (z) = e iϕ(z)/ √ ν . Explicitly, up to a normalization constant C,
This can be derived using the two point correlation function
which can be computed explicitly from the action. The Pfaffian wave function on the plane, first introduced by Moore-Read in Ref. [4] , can be written for an even number of particles as
where Z Pf is a normalization constant and Pf(M ) = √ det M denotes the Pfaffian of the Ndimensional antisymmetric matrix M with M nm = 1/(z n − z m ), which is defined only if N is even and is always a polynomial in the matrix entries. The Pfaffian of an antisymmetric matrix M can alternatively be defined directly in terms of the matrix elements as
where S N is the group of permutations of N symbols. The Pfaffian wave function can be expressed as a correlator in the Ising CFT [4] , which, besides the scalar boson, has Majorana fermionic fields ψ,ψ with the action
The modulus of the Pfaffian wave function can then be written as an expectation value over the electron operators
Explicitly, the Pfaffian state can be written as
In order to show this, we also need the fermionic correlation functions
which can again be computed explicitly from the fermionic action.
B. Action functionals on Riemann surfaces
We next consider the CFTs discussed above on an arbitrary Riemann surface Σ with a conformal metric g, in order to generalize the Pfaffian state to arbitrary Riemann surfaces. Using local complex coordinates (z,z) on Σ, the length element is given by d 2 s = 2g zz dzdz with g zz (z) a realvalued positive function on Σ. Then the scalar curvature can be written using the scalar Laplacian as
where √ g = 2g zz . The bosonic action on Σ is a generalization of Eq. 4 to curved backgrounds:
where the magnetic field B(z) is allowed to be inhomogeneous. We are also free to couple ϕ to the scalar curvature R with the coupling constant Q, which is usually termed the background charge. We compactify the scalar field on a circle of radius R c by the identification ϕ ∼ ϕ + 2πR c , which can lead to winding field configurations if H 1 (Σ, Z) = 0. We have the following global constraints
The first equation is the normalization of the area of Σ, the second is a statement of constant flux with N φ ∈ Z + the number of flux quanta and the third is the Gauss-Bonnet theorem with the Euler character χ = 2 − 2g, where g is the genus of Σ.
The fermionic action on Σ is a generalization of Eq. (10):
The latter definition is coordinate-independent, but uses the machinery of derivatives on fiber bundles. Recall that the fermionic field ψ, resp.ψ, transforms as a section of a spin bundle of choice S, resp. its complex conjugateS, over Σ. One can define Dolbeault operators ∂,∂ which act as derivatives on these fields. More formally,∂ acts as a derivative on smooth sections of S, the space of which is denoted by C ∞ (Σ, S), so that we can write 2
where Ω (0,1) (Σ, S) is the space of (0, 1) forms 3 . In local coordinates (z,z), given a fermionic field ψ(z), this action is simply∂ψ = ∂zψ dz. Thus, ψ∂ψ ∈ S ⊗ Ω (0,1) (Σ, S) ∼ Ω (1,1) (Σ) is a (1, 1) form that can be integrated over Σ. The identification is due to the fact that the square of a spin bundle S 2 = K equals the canonical line bundle K on Σ, which is a bundle of (1, 0)-forms. Hence one can think of ψ as a half-form on Σ [55] .
C. The Pfaffian state on Riemann surfaces
For the Pfaffian state on Σ, the electron operator takes the form
We need the additional factor of g
-the Hermitian metric on the spin bundle S -in the definition of ψ so that the full operator transforms like a scalar field on Σ. The electron operator is a primary field with scaling dimension
where the one-half is the fermionic contribution and the rest is due to the boson. Hence,
We call s the conformal, or gravitational, spin [21, 24] , see also [37] . As in the planar case, we consider the correlator
Demanding a nontrivial value for V(g, B, {z i }) leads to constraints on the parameters N, N φ , s and Q. To derive these, recall that the scalar field admits a mode expansion ϕ(z) = ϕ 0 +φ(z), wherẽ ϕ(z) has mean zero on Σ [54] . For the zero mode, the bosonic action becomes
We can perform the integral over ϕ 0 in Eq. 22 to get
For this integral to be nonzero, we demand that
Physically, this relation represents a charge conservation constraint, while mathematically, it is analogous to the Riemann-Roch theorem 4 . Finally, since ϕ is compactified, the partition function and hence the integral in Eq. (24) should be invariant under a shift ϕ ∼ ϕ + 2πR c , which requires that
We shall assume that νN φ and Q √ ν are integers and s ∈ Z 2 , so that we may choose R c = √ ν.
We now explain the relation between the wave function and the correlator Eq. (22) . Unlike the case of the plane, V(g, B,
. This is because in presence of non-contractible loops on Σ, the definition of the right hand side involves the sum over all choices of the spin structure, i.e, the choice of periodic/anti-periodic boundary condition for fermions for each non-contractible loop. Thus, we get a set of degenerate Pfaffian states,
where the degeneracy n g corresponds to the number of odd/even spin structures [36, 41] . The normalization constant is defined as
The normalization constant might seem like an unimportant overall constant, but for fractional quantum Hall states on curved backgrounds, its variation with respect to B and g can be used to compute various transport coefficients [22, 24] , as we show in Sec. IV.
III. THE PFAFFIAN STATE ON THE SPHERE A. Correlators
In this section, we explicitly compute the Pfaffian state on a Riemann surface of genus zero, i.e, a sphere. This state is unique so that |Ψ Pf ({z i })| 2 ∝ V(g, B, {z i }) and the correlator splits into a product of bosonic and fermionic terms as
We begin by noting that there are no zero mode integrations for either bosonic or fermionic path integrals. The former follows from the fact that there are no noncontractible loops on the sphere, while the latter from the fact that there are no holomorphic sections of S on the sphere [55, Eq. 2.53], so that the operator∂ defined in Eq. (18) has ker∂ = 0. In the following, we compute the two correlators separately.
The bosonic correlator
This is simply the Laughlin state with filling fraction ν [24, 26] , whose computation follows from standard quantum field theory techniques [54] . Explicitly, we can write the bosonic correlator as
where we get the source term
where
any smooth function f . The path integral can now be evaluated by a linear shift
where G g , the Green's function for the scalar Laplacian, is defined as 5
Thus, the bosonic correlator becomes
The remaining path integral is simply a Gaussian integral, which evaluates to the regularized determinant of the Laplacian. Substituting the explicit form of J(z), we finally get (also see [26, Eq. 4.26] )
where det ′ indicates the product of eigenvalues excluding the zero mode, and G g reg is the regularized Green function at coincident points, defined as
where d g (z, z ′ ) is the geodesic distance between the points in the metric g.
The fermionic correlator
This is the new contribution to the Pfaffian state in comparison to the Laughlin state. The computation essentially follows from the fact that for free fermions, we can use Wick's theorem to write the full correlator as a sun over pairwise correlators (propagators) ψ(z i )ψ(z j ) and ψ (z i )ψ(z j ) . Geometrically, these are sections of S, i.e., half forms in both z i , z j and antisymmetric on Σ × Σ, which can be written with some abuse of notation as
The defining equation is analogous to the Green's function equation for the bosonic case:
The left hand side is a ( 
The solution on the sphere is given by
and ψ(z i )ψ(z j ) is the inverse of the Prime-form on the sphere [56, p.3.207 ]. Since Eq. (39) is invariant under diffeomorphisms, the function P(z i , z j ) is metric independent, unlike the Green's function for the bosonic case. The fermionic correlation function reads
The product of two Pfaffians above can be rewritten as [54, Eq. 10.32],
where the adjoint operators are defined with respect the inner product
The adjoint of∂ has no zero modes on the sphere, i. 
B. The round sphere
To illustrate the above description of the Pfaffian state, we now specialize it for the case of the round metric on the 2-sphere, which is given by
with the constant scalar curvature R = 4. The Green's function for the Laplacian is given by
For a constant magnetic field B 0 = N φ we take the magnetic potential h 0 as
To evaluate Eq. (44), we begin by noting that since B and R are constants, the integrals over G(z, z ′ ) vanish using the definition of Green's function from Eq. (33). Furthermore,
From Eq. (25), we also get N = ν(N φ − 2s + 1) + 1. Thus,
where C 0 is independent of z i . In the literature (for instance, [34, Eq. 2.1]), the standard relation for ν = 1/2 state on the sphere is N φ = 2N − 3, which corresponds to setting s = 0 above. The wavefunction can alternatively be written as
where the holomorphic part is
and the non-holomorphic part indicates that V corresponds to magnetic flux N φ and conformal spin s. The form of Eq. (48) also holds for other choices of the reference metric. The expression in Eq. (48) as it stands is unnormalized, so that the actual wavefunction is
with the normalization constant explicitly given by
In the following, we shall use this expression without referring to an explicit form of g 0 .
IV. EFFECTIVE ACTION AND OBSERVABLES
A. The effective action
The variation of the normalization constant with respect to the background metric can be used to compute the effective action for the Pfaffian state. We consider a variation of the metric g zz (z) = e σ(z) g 0zz (z) in a conformal class of a reference metric g 0 . An independent arbitrary variation of the magnetic field can be written as
which is parametrized by the relative magnetic potential λ(z) such that B > 0 everywhere on Σ. The normalized wavefunction under the modified metric reads
with the σ and λ dependent normalization factor
The difference between these two normalization constants can be written as
Thus, we can write
where we have defined the free energy
The effective action S eff contains the anomalous terms, i.e., nonlocal functionals of B and R, which have a local integral form only when expressed in terms of potentials λ and σ. The remaining terms are local functionals of B and R and their derivatives [24] and hence not universal.
To compute S eff explicitly, we note that the normalization constant depends on the metric via the metric-dependence of the determinants as well as the Green's functions in Eq. (44) . For the variation of the determinants, we quote the well-known [54, 55] 
where the Liouville action is given by
where R 0 is the scalar curvature of g 0 . For the variations of the Green's functions, we use the expressions from Ref. [24, . Putting everything together, the effective action becomes
This is in the form of [26, Eq. 5.10] , with the addition of
, which is the contribution to the gravitational anomaly from Majorana fermions. The remaining action functionals read
B. Observables
We next use the effective action to compute the expectation values of various observables. Note that the expectation value of an operator O with respect to the Pfaffian state is defined as
and a suitable choice of O can be used to compute various transport coefficients. For instance, the charge density, given by
is the expectation value of ρ(z) = N i=1 δ g (z, z i ). We stress that this corresponds to the density in an inhomogeneous magnetic field on a curved surface with an arbitrary metric g. Obviously, ρ(z) √ g d 2 z = N is the total number of particles. Another quantity of interest is the static structure factor, defined on the plane as the Fourier transform of the two point density correlator
Since the Fourier transform is not generically defined on arbitrary Riemann surfaces, we shall compute S(k) in the small-k limit using the two-point correlator ρ(z)ρ(w) and a local version of the Fourier transform.
To relate these observables to the normalization constant, we set the magnetic field to a constant value B 0 = N φ following the quantization condition of Eq. (16) . This then leads to a relation between σ and λ as
A variational derivative of Eq. (28) with respect to λ then results in
After another variational derivative, we get the two-point correlator required to compute the static structure factor:
where the superscript in ∆ z g indicates that it acts on the variable z and the connected two point function is defined as
Furthermore, the functional (56) depends on the metric only through the scalar curvature. By power counting, the first local integral correction is of the form
Thus, the O(1) and higher contributions to Eq. (56) come only from the anomalous terms in S eff . This is analogous to the computation in [24, §5] , where the saddle point expansion of (57) [24, 57] 
Thus, the effective action for a constant magnetic field is
C. Explicit computations
We finally compute the explicit form of the electron density and the static structure factor for the Pfaffian state on the sphere using Eqns (66) and (67).
One-point function
The variation of various functionals in Eq. (71) are given by
where we have defined d λ = g −1/2 (z) δ/δλ(z). Thus, using Eq. (66), we derive the large-N expansion for the density as
where the corrections are higher-order covariant derivatives of the curvature, as follows from implicit diffeomorphism invariance. This is to be compared with the corresponding formula for the Laughlin state with filling fraction ν [22, 58] :
Two-point function
A formal expression for the two point function defined in Eq. (68) can be computed by differentiating Eq. (73) with respect to λ(w) to get
Integrating Eq. (67), we arrive at
This is a formal expansion with singular coefficients, so the scope of its validity, if any, is limited. Its main use is to extract the static structure factor at small momenta, defined as follows. Consider the setting where the curvature of the metric g vanishes in a macroscopic part of the surface Σ, i.e., R = 0 in a ball B L (0) centered at the point z = 0 of radius L ≥ ℓ, where ℓ = /eB is the magnetic length. In other words, the metric on the ball B L (z) is the flat metric ds 2 = |dz| 2 . Then we position the point w = x 1 + ix 2 in the annulus ℓ ≤ |w − z| < L and define the Fourier transform of Eq. (68) in this Euclidean geometry as
The role of the factor N φ in the exponent is to effectively blow up this geometry from the ball
(0) to the whole plane R 2 . Using Eq. (76) and the relation N = νN φ valid on the plane, we arrive at
For comparison we quote corresponding result for the Laughlin state [22, 58] 
As a consistency check, we note that (78) is independent of spin, as can be expected, since s drops out from the definition (53) when the metric is Euclidean. Another similarity is that in both cases the leading correction vanishes for the bosonic state, ν = 1/2 for the Laughlin state and ν = 1 for the Pfaffian, while the subleading correction vanishes for the first non-trivial fermionic FQHE state, ν = 1/3 for Laughlin and ν = 1/2 for Pfaffian.
V. CONCLUSIONS
In this article, we have generalized the Pfaffian state to Riemann surfaces with curved metric and inhomogeneous magnetic fields and compute the effective action, which is the logarithm of the L 2 -norm of the wavefunction, in terms of the background metric and the magnetic field. The essential tool for this generalization is the description of the Pfaffian state as a correlation function in the Ising CFTs [4] , which can be generalized to curved backgrounds and whose asymptotics are accessible in the large-N limit, N being the number of particles, from the path integral formalism. For a constant magnetic field, the variations of the effective action are further used to compute the electron density as well as the static structure factor in the long distance limit.
The trial wavefunctions proposed for various fractional quantum Hall plateaux are not expected be the exact ground states of a realistic interacting fermionic Hamiltonian. Instead, they are supposed to capture the universal features of the phenomenon and thus yield a effective action which correctly encodes the response to external fields. The comparison of our results for the electron density of the Pfaffian state with that obtained earlier for the Laughlin state [22, 24] clearly manifest this aspect, where the terms at O(N ) and O(1) depend only on the global properties, viz, the filling fraction and the shift, respectively. Physically, they are related to the Hall conductance and the Hall viscosity, respectively [22] . The O(N −1 ) term, on the other hand, captures the gravitational anomaly and hence the central charge of the FQHE state. All three terms correspond to the anomalous part of the full effective action.
In this article, we have focused on a manifold with genus zero, i.e, a 2-sphere. However, it is known that the transport coefficients for the quantum Hall states appear as Chern classes of vector bundles corresponding to the lowest Landau levels on moduli spaces of surfaces with genus g > 0 [8-10, 19, 25, 37] . In order to understand these Chern classes, it would be interesting to construct the Pfaffian states on higher-genus Riemann surfaces along the lines of the Laughlin case [27] . We note that much is already known about the Pfaffian states on higher-genus surfaces, including topological degeneracy formulas [36, 41, 59] and g = 0 wave functions [34, 40] . The transport coefficients on curved spaces, including central charge, have also been recently measured experimentally in photonic systems with synthetic Landau levels [60, 61] . Thus, the study of FQH trial wavefunctions on nontrivial backgrounds still holds many results of both theoretical interest.
